INVARIANCE OF THE GIBBS MEASURE FOR THE 
SCHRODINGER-BENJAMIN-ONO SYSTEM 



TADAHIRO OH 

Abstract. We prove the invariance of the Gibbs measure for the periodic Schrodinger- 
Benjamin-Ono system (when the coupling parameter |7| 7^ 0, 1) by establishing a new local 
well-posedness in a modified Sobolev space and constructing the Gibbs measure (which is 
in the sub-L 2 setting for the Benjamin-Ono part.) We also show the ill-posedness result 
in H"{T) x H s -i(T) for s < \ when | 7 | / 0, 1 and for any set when [7I = 1. 



1. Introduction 

In this paper, we consider the Schrodinger-Benjamin-Ono (SBO) system: 

{iu t + u xx = avu 
v t +lHv xx = (3(\u\ 2 ) x , (x,t)eTxR 
(u,v)\ t=Q = (u ,v ) 

where T = [0, 2ir), u is a complex valued function, v is a real- valued function, and a, f3, 7 are 
nonzero real constants. In (pQ), 7i denotes the Hilbert transform whose Fourier multiplier 
is given by — isgn(n). D = \d x \ = Tid x is defined via Df(n) = \n\f(n). 

The system ([TJ appears in Funakoshi-Oikawa |17| . describing the motion of two fluids 
with different densities under capillary-gravity waves in a deep water flow. The Schodinger 
part describes the short surface wave, and the Benjamin-Ono part describes the long in- 
ternal wave. The system also appears in the sonic-Langmuir wave interaction in plasma 
physic (Karpman |21|). in the capillary gravity interaction waves (Djordjevic-Redekopp 
|15j . Grimshaw [I!]), an d m the general theory of water wave interaction in a nonlinear 
medium (Benney OS].) 

The several conservation laws are known for the SBO system: 
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Note that H(u, v) is the Hamiltonian for (pQ) and indeed, in terms of the Hamiltonian 
formulation, ([1]) can be written as 

(u\_fi \ ^(u,,) 

where is the Gateaux derivative with respect to the L 2 inner product 



((itijUi), (u2,V2)) = Re Juiit2<ix + J 



V\V2<lx. 



In this formulation, one natural questions is; Is the Gibbs measure of the form dji = 
Z~ 1 e~ vH ^ u,v ' JlxeT du(x) <8> dv(x) invariant under the flow of (pQ)? At this point, dfi is 
merely a formal expression. It is known (c.f. Zhidkov [3T]) that when ^ < 0, the Gaussian 
part of the Gibbs measure, i.e. 

(5) dp = Z' 1 exp ( - j \u x \ 2 - g / p^) 2 )) J] d«(x) 

is supported in r\ s< iH s (T) x i7 s_ 2(T). Following Bourgain [8], we show that the Gibbs 
measure dp is a well-defined probability measure with a suitable cutoff in terms of the 1? 
norm of u and the mean of v (Lemma 14.51 Corollary 14.61 ) 

Now, let's turn to the well-posedness theory of (pQ). In the non-periodic setting, several 
results are known. When [7] 7^ 1, Bekiranov-Ogawa-Ponce [2] showed that (pQ) is locally 
well-posed in H S (R) x H S ~^(R) for s > 0. When I7I = 1, Pecher [28] showed the local 



well-posedness for s > 0. In view of the conservation laws, when ^ < 0, these local results 
extend to the global ones for s > 1. Using the /-method developed by Colliander-Keel- 
Staffilani-Takaoka-Tao [131 EL Pecher [28] also proved the global well-posedness for s > ^ 
when ^Q- < 0. Note that the /-method automatically provides a polynomial upper bound 
on the time growth of the norm of the solutions. Recently, when I7I 7^ 1, Angulo-Matheus- 
Pilod proved the global well-posedness for s = (without assuming ^ < 0), following the 
method developed by Colliander-Holmer-Tzirakis [12] . The method is based on estimating 
the doubling time of \\v (t)\\ _ 1 in terms of the conserved quantity ||w(t)||^2 . Note that this 
method provides an exponential upper bound on the time growth of ||^(i)|[ _ 1 • 

In the periodic setting, there seems to be only few results known at this point. Assuming 
I7I 7^ 0,1, Angulo-Matheus-Pilod p] showed that (pQ) is locally well-posed in H S (T) x 
Zf s ~2(T) for s > \. They also showed the existence and stability of the periodic travelling 
wave solutions. In pQ, the local well-posedness is established via contraction argument by 
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establishing the following bilinear estimates: 

(6) \\uv\\ xS> _i + <\\u\\ xSt x\\v\\ x ,_ hi i 

(7) \\d x ( Ul u^)\\ x ,_ h _i + < IkxH^i \\u 2 \\ x3i i 

for s > ^ where X s ' b and X^ ,b are the Bourgain spaces corresponding to the linear parts of 
Schrodinger and Benjamin-Ono equations whose norms are given by 

(8) \\n\\ X s, b = \\(nr(r + n 2 ) b u(n,r)\\ LlT 

(9) IMIjc* 1 = W( n ) S ( T + ^\n\n) b d(n,T)\\ L 2 iT , 

where ( • ) = 1 + | • |. It is also shown in [1] that both estimates © and ([7]) fail for s < ^ 
when I7I 7^ 0, 1 and that they fail for any s € R when [ — y | = 1- 

In Appendix, we show that the solution map of (pQ) is not smooth if s < ^ for I7I 7^ 0, 1. 
More precisely, let $* : (u ,v ) i-> (u(t)),v(t)) G H S (T) x # S -2(T) be the solution map of 
© for |i| < 1. Then, 

Theorem 1.1. (a) Let [7I / 0,1. // */ie solution map is C 2 on H S (T) x # s ~i(T), */ien 
s > 5- (b) /f I7I = 1, £/ien */ie solution map can never be C 2 for any s € BL 

In particular, Theorem 11.11 states that the flow of ([1]) via the usual contraction argument 
with the Bourgain norm is not defined in (~) s< iH s (T) x H s ~z(T) containing the support 
of the Gibbs measure jx. Thus, we need to seek for a new local well-posedness result in a 
space containing the support of fi. 

Prom the standard argument (c.f. Kenig-Ponce-Vega [22])) the proof of the bilinear 
estimate HiifHxM-t- ^5 IMIx 3 . 6 IMI s- 1 b with 6 = ^ or ^+ comes down to establishing an 
effective upper bound (which needs to be at most of the order 1 in view of Bourgain's 

periodic L 4 Strichartz estimate [5]. See Lemma |3.3|) on 
(n) s 1 



^ (ni) s (n 2 ) s -5 max ((r + n 2 ) 1 ^, (n + n 2 ) b , (r 2 + "f\n 2 \n 2 ) b ) ' 

where n = n\ + n 2 and r = t\ + t 2 with n, m, n 2 G Z. Note that 

max((r + n 2 ),(ri + n 2 ), (r 2 + j\n 2 \n 2 )) > | - (t + n 2 ) + (ri + ref) + (t 2 + 7|n 2 |n 2 )| 

(11) = \n 2 \\Rn(n 2 )\, 

where R n (n 2 ) = (7Sgn(n 2 ) + l)n 2 — 2n. For simplicity, assume n,n 2 > 0. Then, when 
n 2 ~ j^-, we have R n {n 2 ) ~ 0. In particular, if I7I 7^ 1, then we have |n| ~ |ni| ~ |n 2 | in 
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such a situation. Then, we have (jlOp < " — t ~ (n)~ s+ 2 5 which forces us to restrict 

(ni) s {n 2 ) s 2 

ourselves to the case s > \. However, note that for each n € Z, there are at most two 
values of r?-2, i.e. ri2 = [ j [j^fr] + 1 which makes R n (n2) ~ 0. For all other values of ri2, 
we have |i?„(n 2 )| > 1. Thus, with b = \, we have ([TO]) < '"^i i ~ / ni \"L\ s ^ 1, 

on j4 = {(n, 711,712) : n = ni + ri2, |n2 — > 1} as long as s > 0. 

This motivates us to consider the initial value problem ([T]) with the initial condition 
(u ,v ) £ H S1 ' S2 (T) := H Sl ' S2 (T) x H si ~h s *-k (T), where # Sl - S2 is defined via the norm 
given by 

(12) \\4>\\hw = UWh'i +sup(n) S2 |0(n)| < oo 

n 

for some s\, with < s\ = ^— < | < S2 = 1— < 1 (with some additional conditions to 
be determined later.) 

From the above heuristic argument, we see that s > is enough to establish the crucial 
bilinear estimates on A. In particular, s\ = \— is a sufficient regularity on A. On the 
other hand, the resonances at ri2 = [■pjr*] + 1 forces s > ^. However, for each fixed 

n G Z, there are only two values of n2 causing the resonances, which can be controlled by 
sup n (n) S2 |(/)(n)| in (|12p with the higher regularity S2 = 1— > |. Then, via a contraction in 
the modified Bourgain space, we prove 

Theorem 1.2. Lei si = |— , S2 = 1— Mi/i S2 < 2s\. Assume \")\ ^ 0,1. Then, the SBO 
system dpj is locally well-posed in H S1 ' S2 (T). 

Note that H Sl,S2 C H Sl x H Sl ~2 . However, from the theory of abstract Wiener spaces 
(Gross [20], Kuo [23]), the Gaussian measure dp in ([5]) is a countably additive probability 
measure supported on H S1 ' S2 for < si < | < s 2 < 1. (See Bourgain [8] for mKdV and 
[9] for the Zakharov system.) Then, a slight modification Bourgain's argument [8] (for 
super-cubic NLS) with Theorem 11.21 yields the following result. 

Theorem 1.3. Let jj- < 0. The Gibbs measure fi for the SBO system ([I]) is invariant under 
the flow. Moreover, ([p| is globally well-posed almost surely on the statistical ensemble. 
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2. Notations 

On T, the spatial Fourier domain is Z. Let dn be the normalized counting measure on 
Z, and we say / € L P (Z), 1 < p < oo, if 

ll/lltf (2) = ( / \f(n)\ p dn) V := (±- £ ? < oo. 

If p = oo, we have the obvious definition involving the essential supremum. We often 
drop 2-7T for simplicity. If the function depends on both x and t, we use Ax (and At ) to 
denote the spatial (and temporal) Fourier transform, respectively. However, when there is 
no confusion, we simply use A to denote the spatial Fourier transform, temporal Fourier 
transform, and the space-time Fourier transform, depending on the context. 

Let X s > b and X~f b be as in (jHJ) and (jUJ). Given any time interval I = \b\,t2[ C R, we 
define the local in time X s > b (T x I) (or simply X s ' b [t 1 ,t 2 ]) by 

= ||«||jc*,6(TxJ) = inf {INIx*. b (TxR) : u \l = u }- 

We define the local in time X^' b (T x 7) analogously. 

Let rj £ C£°(R) be a smooth cutoff function supported on [—2,2] with rj = 1 on [—1, 1] 
and let rj T (t) = ^(T^t). We use c, C to denote various constants, usually depending only 
on si, S2, b, a, (3, and 7. If a constant depends on other quantities, we will make it explicit. 
We use A < B to denote an estimate of the form A < CB. Similarly, we use A ~ B to 
denote ^4 < I? and B < A and use ^4 <C -B when there is no general constant C such that 
B < CA. We also use a+ (and a—) to denote a + e (and a — e), respectively, for arbitrarily 
small e C 1. 



3. New Local Well-Posedness on the Modified Sobolev Space 

In this section, we establish the local well-posedness of ([1]) with the initial data in H Sl ' S2 = 
ffsi,s2 x jj s i-2' S2 ^2 for si = \— and s 2 = 1— via a contraction on a ball in the modified 
Bourgain space X Sl,S2 < b x X* 1 5,52 First, define the modified Bourgain spaces X Sl < S2,b 
and X^ 1,S2 ' b whose norms are given by 

^ 1 3 J J J VL 1 1 s , s 2 , b — 1 1 U 1 1 v s-^ ,b ~\~ 1 1 U 1 1 v s% , oo , b 

(14) INI^i^a.* = + 11^11^2,00,6, 
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where X Sl,b and X^ ,b are denned in ([8]) and ([9|), and 

(15) ||it||_ x -« 2 , D c,& = || (n) S2 (r + n 2 ) b u(n, r) \\l^>l^ 

(16) ||u|| xS2 ,oo,6 = ||(n) S2 (r + 7|n|n) & 9(n,r)|| L oo 



Recall that when 6 > ±, the X Sl > b x X* 1 2 ' b nor m controls the C([-T,T}; H Sl x ff s i-§ 



norm. Also, when b > |, by Sobolev embedding, we have 

sup(n) S2 |2(re, i)| = sup(n) S2 |e m2 ' : u(n,t)| < sup(n) 52 ||e m2 'u(n, t)\\ H b = \\u\\ x , 1 ,, 2 ,b, 

n n n 

for any t € R. A similar result holds if we replace (r + n 2 ) b by (r + 7|ra|ra) b . Hence, the 
X s i^,b x ^i-^-^ norm controlg the C([-T,T];R S1 ' S2 ) norm. 

By writing ([1]) in the integral form, we see that (u, v) is a solution to (H|) with the initial 
condition (uq,vq) for |i| < T < 1 if and only if 

flf\ (< t A=<b* v(t)U(t)vo + iari T (t)JiU(t-1f)uv(1f)dt; \ 

where U(t) = e iW * and V(t) = e" 7 *^. First, note that (rj(t)U(t)u ) A (n,T) = r?(r + 
n 2 )uo(n) and (rj(t)V(t)vo) A (n, r) = r/(r + 7|ri|n)^o(n). Hence, we have 

(18) \\vi. t )U(t)u \\ X s 1 ,s 2 , b ^ ||wo||i? s i,» 2 

(19) Ht)V(t)v \\ xS1 _i !S2 _i :b < l^oll^-i^-i • 

Now, let -\ < V < < b < V + 1 and T < 1. Then, from (2.25) in Lemma 2.1 (ii) in 
Ginibre-Tsutsumi-Velo [IS], we have 

(20) \\r] T (U* R F)\\ xsl , b <T 1 - b+b '\\F\\ XSl , b/ 

(21) Wv t (V*rG)\\ .-i^T^'HGll x, 6 „ 

where denotes the retarded convolution, i.e. U*jiF(t) = $1 U(t — t')F{t')dt' . Also, from 
(2.24) in Lemma 2.1 (ii) in [H], we have \\rj T (U * R F)\\ H b < T 1 -^' \\U(-t)F(t)\\ H b. Noting 
that ||u|| X s 2 ,°°,i> = || (U(— t)u) Ax (n, t)\\ LOOH b, we have 

(22) \\v T (U* R F)\\ X s 2 , x , b <T 1 - b+b '\\F\\ XS2 , 00 , b ,. 

The same computation holds if we replace U(t) by V(t), and thus we obtain 

(23) \\rh(V* R (V\\^,~,i><T 1 -^\\G\\ x? , OB ,v. 

Then, the local well-posedness of (pQ) in H Sl,S2 follows from the standard argument [51 122j 
once we prove the following bilinear estimates. 
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Proposition 3.1. Let b = |+ and b' = -\+ with l+b' > b. Then, for < s\ < \ < s 2 < 1 

with s 2 < 2si, we have 

( 24 ) \\ UV \\x°l,s2,t>' ^ IMIx s l.*2.i>|MI S1 _1, S2 -1,6- 

Proposition 3.2. Lei b,b',si,s 2 be as in Proposition ^. 1\ Then, we have 

( 25 ) sl _i, S2 _i, 6 / < ||«l|lx*i,»a.i-ll«2|lx''i. a 2,!- 

More precisely, for given 9 = 0+, choose b = \ + 9 and b' — \ + 29. We prove (f!Hj) 
for si > 20, s 2 > 5, s 2 < min(2si - 40, si + ± - 2(9), and fl25J for Sl > 29, s 2 > \, 
S2 < min(2si — 29, s\ + ^ — 49). Note that for si < ^, it is enough to take s 2 < 2si — 49 in 
both cases. 

Note that we have 1 — b + b' = 9 > 0. Thus, the linear estimates (|18p ~ (|23p yield a small 
positive power of T and establish the contraction property of VQ \{-, •) for \t\ < T <C 1. 
As a 

Before proving of Propositions 13.11 and 13.21 first recall the L 4 Strichartz estimate due to 
Bourgain [5]. Also, see Molinet [26] . 

Lemma 3.3. Let 7^0. Then, we have 

\\u\\t4. < ||u|| n 3, and \\v\\ r 4 < |M| n 3. 

Proof of Proposition \3.1[ In the proof, we use (n, r), (m, ri), (n 2 ,r 2 ) to denote the Fourier 
variables for u, f , respectively, i.e. we have n = ni+ri2 and r = T1+T2 with n,n\,n 2 £ Z 
and r, n, r 2 € R. Also, let a = (r + n 2 ), 01 = (ri + n 2 ), and o 2 = {t 2 + j\n 2 \n 2 ). Then, as 
in (I11D. we have 



(26) MAX := max(cr, a u a 2 ) > 1 + \n 2 \\R n (n 2 )\, 

where R n (n 2 ) = (7sgn(n2) + l)?i-2 — 2n. Note that for fixed n £ Z, we have R n {n 2 ) = 
when 712 = 2 "f — \, (which may not be an integer.) Hence, we have 1-^(^2)1 ^ 1 for 



n 2 ^ 



2n 

l+7Sgn(n 2 ) 



2n 

l+7Sgn(n 2 ) 



+ 1. 

Part 1: We first prove ([M]) for the X Sl ' b> part of the X Sl > S2 ' b> norm. 
Define the bilinear operator B Slt g(-, •) by 

(n) Sl f{ni,Ti)g(n 2 ,T 2 



(27) B Sl ,e(f,9)(n,r) = ±- £ | 



1 1 dr\. 



8 
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Then, it suffices to prove 

(28) l|S sli0 (/, 5 )||^ T <||/||^ T lbll^ T - 

Let A = {(n, 711,712) : n = m + n 2 , |n 2 - i +7& 2 g n( n2 ) | > 1} Then, on A, we have 
MAX > (ti 2 )- Hence, if |m| > \n\, then we have 

(29) fr£ 1 < W 1 < W 1 <! 

for si > 28. Now, suppose |m| <C \n\. Then, we have |n 2 | ~ |n|. Moreover, we have 

(30) \R n (n 2 )\ = |(l + 7)"2-2n| > |2-(l + 7)||n| - |(l + 7>l| ~ |"| ~ M- 
where 7 = 7sgn(n 2 ). Thus, MAX > (?i 2 } 2 in this case, and we have 

(31) ^ I < ^ < 1 

for si > (with sufficiently small, i.e. 6 < |.) 

If MAX = <T, then by Holder inequality and Lemma 13.31 we have 

\\B Sl ,e(f,9)hi T IIK H /)1l< JIK^lx*,, < ll/lk,JMk, T 
on A. If MAX = a%, then by Holder inequality and Lemma 13.31 we have, for any h € L^ T , 

(B Sl ,e(f,9),h) Llr < ll/lkJK^VlL* t \\(^ +2e h) V \\ LU < \\f\\Llj9hlJh\\ Ll 



n . r 



on A and this is equivalent to f|28|) via duality. A similar computation holds when MAX = 
cr 2 . Hence, fl28|) holds on A for s 1 >26. 

Now, we will consider the estimate on A c , i.e. near the resonances. In this case, we show 

(32) \\Bs u s 2 Af,9)\\ LlT <\\f\\LlJ\9h-L^ 
where B Sl>S2t g(-, •) is given by 

(33) B SlS2 e(f, 9 )(n,T) = ±- T [ {H)S1 J^Y^ dn. 

First, note that since I7I 7^ 1, it follows that \n\ ~ |rai| ~ \ri2\ on A c . Thus, we have 
(n)2- S2 < 1 for s 2 > I. On A c , we can not expect any contribution from 



(ni)n( n2 ) s 2-2 

Ci; o"2- However, for fixed n, there are only finitely many (2 or 4) values of n 2 in ^4 C . 

— -— 8 

i.e. there is virtually no sum over ra 2 in this case. Let F(ni,ri) = a 1 2 f(n\,Ti) and 
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G(n 2 ,T 2 ) = ct 2 2 g(ji2, r 2 ). Then, by Holder inequality in t and Sobolev inequality, we 
have 



F(ni,Ti)G(n 2 ,T 2 )dTi 



<\\{F( ni ,-)) Vt \\ L4 \\(G(n 2 ,-)) 



T = T\+T2 



Vtl 



I if 



(34) 



„mrt / 



(iJ-(rn, ■)) Vt (*)L*||e in,|na|nat (G!(n2, 0) V *(*)|| £ 4 



Vt, 



< 



\U(-t)(F(ni, •)) || 1 \\V(-t)(G(n 2 , •)) 



1 . 
3 



Then, for n 2 - 
LHS of (ED < 



2» 



l+7Sgn(n2) 



or 



2/i 



l+7Sgn(n2) 

F(ni,T 1 )G(n2,T 2 )dTi 



+ 1, we have, 



< 



T=Tl+T2 
,2' i 



|| (t + nf}4F(ni,r)|| L 2 J{t + j\n 2 \n 2 )^G(n 2 ,T) 



\L°°LZ 



< 



• Part 2: Next, we prove ((M|) for the A" S2 <°°> fe ' part of the X Sl ' S2 ' b> norm. 

For |ra| < 1, we have LJf norm ~ L 2 norm and (n) S2 ~ (n) Sl , i.e. the proof reduces to 
Part 1. Hence, we assume \n\ > 1. 

On A, we have MAX > (^2)- Thus, if |ni|, \n 2 \ > |n|, then we have 
(n) S2 1 (n) S2 



(35) 



(ni) s i(n 2 ) 6 



< 1 



a 2 cr^ a 2 



for 2si > + On the other hand, if |ni| <C |n|, we have 1 7^.2 1 ~ \n\ and \R n (n 2 ) \ ~ \n\ as 



in (BO}, i.e. MAX ~ (n) 2 . Then, we have LHS of (1551) < 



(ni) s l(n> 2 



< 1 for 2si > s 2 +A6. 



Also, if \n 2 \ <C |n|, then we have \n\\ ~ |n| and |-R n (^2)| ~ \n\. i.e. MAX ~ (n)(n 2 ). Then, 



we have LHS of 



< 



(n 1 >"i{n2> s i- 2e (n)3- 

In this case, it suffices to show 



< 1 for si > 26 and si + \ > s 2 + 29. 



n r 



(36) K, S2 ,0(/,S) 
where ,8 SliS2i 6i(-, •) is given by 

(37) ^ ljS2ie (/, 5 )(n,r) = i- £ | 



(n) S2 f{n 1 ,T 1 )g(n 2 ,T 2 ) 



n=ni+n 2 



T=Tl+T2 



(ni) s i(n 2 ) si - 



4 I_26» 5+0 5" 
2 CJ2 ^C^ 2 CT 2 2 



Suppose MAX = a. Then, from (|34|) and Young's inequality in n, we have 



LHS of (ESD < 



n=ni+n 2 



F(ni,ri)G(n2,r 2 )dri 



r=ri +T2 



< 



|Kr + n 2 )4F(n 1 ,r)|| i 2 i>T |Kr + 7 !n2|n 2 )4G(n2,r)|| i 2 2 ^ < U/H^NU^, 
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where F and G are as in Part 1. If MAX = o~i, then by Holder inequality in t, Young's 
inequality in n, and Sobolev inequality (as in (f34"|) ). we have 



(B' SltS2 ,e(f, g), h) L 2 r < (f * (a 2 2 g), a 



< 



9) 



Vtl 



for any h £ L\h\, and this is equivalent to (|36p via duality. A similar computation holds 
when MAX = a 2 . Hence, ([36} holds on A for si > 26 and s 2 < min(2si - 40, si + | - 2(9). 



On t4 c , we have Inl 



l n i| 



|tt-2 [ • Thus, 



— < 1 for S2 > A- Also, recall that 



for fixed n, there are only finitely many (2 or 4) values values of n 2 on A c . i.e. there is no 



sum over n 2 in this case. Then, as in (|34p . we have 

J_ /" (n) S2 f(ni,T 1 )g(n 2 ,T 2 ) 

2vr ^ 



ra=rti+n 2 , 



< 



dri 



(m)^(n 2 ) S2 -5 §-20 J+ e i 

2 12 

/ i ? (ni,ri)G(n2,r 2 )dTi 

J L°°L 2 
r=r 1 +r 2 

< || (r + n?)*F(n 1 ,T)|| £ oo Z a||(T + 7|n 2 |n 2 }4G(n 2 ,r)|| x ^ i 2 < ||/|| L «, £? l^lk-L? , 
where -F and G are as in Part 1. This completes the proof of Proposition 13.11 



□ 



Proof of Proposition 1 3. ,21 Noting that \n\(n) Tl 2 < (n) r ' 1 + 2 , our goal is to show the bound- 



edness of the multilinear functional X, 



ri,r2,r3,' 



given by 



-r 1 ,r 2 ,r 3 ,t 



1 

4^2 



M 



ri,r2,r3, 



' f(ni,T 1 )g(n 2 ,T 2 )h(n.T)dTidT, 



n=ni+n 2 1 ~=' r i+T2 



for /i G L^ r or L^L 2 . and r 3 - = si or s 2 with j = 1, 2, 3, where 

(n) ri + 2 1 



M, 



with (T = (r + 7|n|n), o"i = (ti + n 2 ), and cr 2 = (r 2 — n 2 ). From a computation analogous 
to (fTTI). we have 



MAX := max(<T,(Ti,(T 2 ) > 1 + |n||i? ni (n)|, 

where R ni (n) = (7sgn(n) + l)n — 1n\. Note that for fixed n\ G Z, we have R ni (n) = when 
" = i^ 2 "S v Thus, we have \R m (n)\ > 1 for n ^ L 2rai . J , L 2ni , . 1 + 1. We indicate 

l+7Sgn(rt) ' 1 "i> 'I ~ ' l+7Sgn(n) ' l+7Sgn(n) 

how this proposition follows as a corollary to (the proof of) Proposition 13.11 basically by 
replacing (n,r), (ni,Ti), (n 2 ,r 2 ) here with (n 2 ,r 2 ), (n,r), (-ni,-ri). 
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First, consider the Xy 1 2 ' part of (|25p . Let B = {(n, ni,rt2) : n = n\ + n2; 



2ni 



i+7s g n(n) I - On B, we have MAX > (n). Thus, if |ni|,|n 2 | > |n|, then, we have 
Msi,si,si,0 ^5 (n)~ Sl+261 < 1 for si > 26. If |ni| <C |n|, then we have \ri2\ ~ |n| and 
MAX > (n) 2 . Also, if |n 2 | < |n|, then we have |m| ~ |n| and MAX > (n) 2 . (See ([50]).) 
In both cases, we have M sl)S1)Slj e < (n)~2+ 4e < 1. Hence, by repeating the first half of 
Part 1 in the proof of Proposition [37T] we have |X Sl . SljSl) e| < ||/||l 2 II#IIl 2 II^IIl 2 > f° r an 

ft g L 2 iT . 

On S c , we do not expect any contribution from a, 5i,a2- However, we have \n\ ~ |ni| ~ 

|r&2|. Thus, t^|t5i ( ra J)s 2 ^5 (n)2~ s ' 2 < 1 for s 2 > |. Also, note that for fixed m, there are 

only finitely many values of n on U c . Hence, by repeating the second half of Part 1 in the 

proof of Proposition EH we have |X sl)Sl>S2i0 | < \\f\\ L 2 ^Iblli^i 2 INU 2 >t , for all h G L 2 jr . 
' b' 



This proves the A 7 2 ' part of (|25p . 

Next, consider the A* 2 ^'°° ,b part of ( |25p . On B, we have MAX > (n). If | , |ri2 1 ^ Mi 
then we have M S2iSl)Sl>0 < ( ra }s 2 -2si+20 < 1 for 2si > S2 + 26. If |m| < |n| or |n 2 | < |n|, 
then we have MAX ~ (n) 2 and M S2>sl)Slj e < (n) 52 "* 1 "^ < 1 for Sl + 1 > s 2 + 46>. Hence, 
by repeating the first half of Part 2 in the proof of Proposition I3.lt we have X S2!S1)Sl! < 
ll/lli 2 ir llflk 2 iT ll^lkiL 2 5 for all h G L l n L 2 T . 

On B c , we have \n\ ~ |m| ~ |n 2 |. Thus, <n |"4( n2 V 2 ~ (™)^~ S2 < 1 for s 2 > \. 
Hence, by repeating the second half of Part 2 in the proof of Proposition 13.11 we have 
\ I s 2 ,s2,s 2 fi\ < \\f\\L%L%h\\L%Ll\\ h \\LlL%, for all h G L l n L 2 T. This proves the X^ 2 2 '°°' b 
part of PS]). □ 

4. Construction of the Gibbs Measure 

In this section, we discuss the construction of the Gibbs measure [i for ([1]) following 
Bourgain [8j. Once we construct the Gibbs measure, we can easily adapt the argument 
in Bourgain [8j [10] to extend the local well-posedness result (Theorem II. 2p to the global 
well-posedness almost surely on the statistical ensemble and to establish the invariance of 
the Gibbs measure (Theorem 11.31 ) The argument is standard and we omit the details. 
Also, see Oh [27] for the details on this part of the argument for the KdV systems. 

Given a Hamiltonian flow 

(f). — §K 

J P* ~ dq z 
I n - 9H 



12 TADAHIRO OH 

on M? n with Hamiltonian H = H(pi,--- ,p n j9ir' " tin)-, Liouville's theorem states that 
the Lebesgue measure on M. 2n is invariant under the flow. From the conservation of the 
Hamiltonian H, the Gibbs measures e~ uH Y]2=i dpidqi are also invariant, where v > is 
the reciprocal temperature. 

In the context of NLS, Lebowitz-Rose-Speer [25] considered the Gibbs measure of the 
form dji = exp(— f3H(u)) Y\ xe j du{x) where H{u) is the Hamiltonian given by H(u) = 
5 / \ u x\ 2 i - / \u\ p dx. In the focusing case (with — ), H{u) is not bounded from below and 
this causes a problem. Using the conservation of the I? norm, they instead considered 
the Gibbs measure of the form d\x = exp(— I3H (u))x{\\ u \\ l2 <b} ELgt du(x), i.e. with an L 2 - 
cutoff. This turned out to be a well-defined measure on H2~(T) = f] s< i H S (T) (for p < 6 
with any B > 0, and p = 6 with sufficiently small B.) Bourgain [8J continued this study 
and proved the invariance of n under the flow of NLS and the global well-posedness almost 
surely on the statistical ensemble. Note that |}8j appeared before the so-called Bourgain's 
method [B] or the /-method [Hj, i.e. there was virtually no method available to establish 
any GWP result from a LWP result whose regularity was between two conservation laws. 
This was the case for NLS for 4 < p < 6. We use this idea to obtain a.s. GWP of the 
SBO system ([T]). The same idea was applied to show the invariance of the Gibbs measures 
and a.s GWP for coupled KdV systems under some Diophantine conditions [27]. Recently, 
Burq-Tzvetkov [TT] used similar ideas to prove a.s. GWP for the nonlinear wave equation 
on the unit ball in R 3 under the radial symmetry. Also, see other work by Tzvetkov related 
to this subject [29]. [30]. 

Recall that the mean of v, the L 2 norm of u, and the Hamiltonian H(u, v) = \ J \u x \ 2 dx+ 
v \u\ dx are conserved under the flow of the SBO system ([1]). In the 
following, we assume n := — S > so that the quadratic part of the Hamiltonian (|3|) is 
nonnegative. Note that ^ J v\u\ 2 dx is not sign-definite. In particular, exp ( — f v\u\ 2 dx") 
is not bounded from above as in the case of focusing NLS and KdV [25], [8]. This motivates 
us to define the Gibbs measure of the form dp = X{\\<i>\\ L 2<B}X^^\ < B} e ~ U ^ '^^ 2dx dp, 
where dp is the Gaussian introduced in ([5]). Here, we associate (</>,'*/>) with (u(t),v(t)) for 
fixed tGl. In particular, if) is real-valued. For simplicity, we set v = 1 for the rest of the 
paper. 
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Let (a, b) = (a n ,b n ) n€ z denote the Fourier coefficients of ((f>,ip) on T. Since tp is real- 
valued, we have b— n = b n . Let B > be a cutoff as above and consider the cylinder in 

C 2N+1 x R 2iV+l given by 

&n,b = {(a n ,b n )\n\<N ■ IMU2 < B and |6 | < B) . 

Here, we abuse the notation and actually identify {bn}\ n \<N with (feo, Re &i, • • • , 
Re fciv.Im , Imftiv) ^FL 2N+1 . Also, define 

= {(a„,6„)nez : ||o n ||i,2 < B and |6 | < B} . 
Then, define the measure pjy on C 2N x R 2N = |(a n , b n ) \ n \<N | with the normalized density 

^ Ar = Z Jv 1 e -^|„|<^o(- 2 l^l 2 +«l«ll^l 2 ) Yl d(a n ®b n ), 

\n\<N,n^0 

where Z N = / c2J v xffi2 iv e~* £|«i<jwo(" 2 KI 2 +«MM 2 ) j]^^^ d(a„ & ft n ). Note that 
this measure is the induced probability measure on C 2JV x M. 2N under the map u> i — ► 
{(n _1 / n (o;), |n[ _ 2^ n (o;)); |n| < N, n / 0}, where {/ n (u;)} and {g n (w)} are i.i.d. stan- 
dard complex Gaussian random variables (with g_ n = g^.) Now, define the Gaussian 
measure p on {(a n ,6 n ) n ^o) whose density is given by 

(38) dp = Z- X <r\ E^o(« 2 l^l 2 +«l«ll^l 2 ) Y[ d(a n ® 6 n ), 

n^O 

where Z = / e"* £n*o(" 2 KI 2 +"MI*>«l 2 ) J]^ d ( 0n g, 6fi ). 

Recall the following definitions [23]: Given a real separable Hilbert space H with norm 
|| • ||, let T denote the set of finite dimensional orthogonal projections P of H. Then, define 
a cylinder set E by E = {u G H : Pu G i 7 } where PG J and F is a Borel subset of FH, and 
let 1Z denote the collection of such cylinder sets. Note that 1Z is a field but not a cr-field. 
Then, the Gauss measure p on H is defined by 

p{E) = (2tt)-2 / e-^c/u 

for E £ 1Z, where n = dimP/f and chx is the Lebesgue measure on FH. It is known that p 
is finitely additive but not countably additive in 1Z. 

A seminorm ||| • ||| in H is called measurable if for every e > 0, there exists Po G T 
such that p(|||Pn||| > e) < e for P G T orthogonal to Po- Any measurable seminorm is 
weaker than the norm of H , and H is not complete with respect to 1 1 1 • 1 1 1 unless H is finite 
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dimensional. Let B be the completion of H with respect to ||| • ||| and denote by i the 
inclusion map of H into B. The triple (i,H,B) is called an abstract Wiener space. 

Now, regarding v G B* as an element of H* = H by restriction, we embed B* in H. 
Define, for a Borel set F C W 1 , 

p({u G B : ((it, vi), ■ ■ ■ , (it, v n )) G F}) = p({u G H : ((it, Vi) H , • • • , {«, G F}), 

where u»'s are in B* and (•, •) denote the natural pairing between B and B*. Let 7^b denote 
the collection of cylinder sets {it G B : ((it, i>i), • • • , (it, i> n )) G F} in 5. 

Theorem 4.1 (Gross [2D]), p is countably additive in the a-field generated by TZb- 

In the present context, let H = H 1 x an d B = H Sl,S2 with < s± < \ < s 2 < 1. Then, 
we have 

Proposition 4.2. T/ie seminorm \\ ■ ||b is measurable. 

Hence, (i,H^ x ; H Sl ' S2 ) is an abstract Wiener space, and p in ([5j) and (I38h is countably 
additive in H Sl,S2 for < si < I < s 2 < 1. Moreover, we have p^v — 1 P- (See [31].) For the 
proof of this proposition, see Oh [27] ■ Note that Bourgain used this norm (i.e. H = H l , 
B = H Sl ' S2 with < s\ < i < S2 < 1) in studying the invariance of the Gibbs measure for 
mKdV 0. 

Given an abstract Wiener space (i,H,B), we have the following result due to Fernique 
[IB] . Also, see [231 Theorem 3.1]. 



Lemma 4.3. There exists c > sitc/i i/ia£ J" B e c " n "sp(du) < oo. Hence, there exists c' > 
suc/t i/iai p(||it||_B > K) < e~ c ' R2 . 

Now, define SIn,b{s\,s%,K) and 0_b(si, S2, if ) by 

fijv,s(ai, S2,-K0 = \( a n,b n )\ n \ <N G £1tv,b : (a n ,b n )e mx < K\ 

L ii— || z — ^ JJ S 1> S 2 J 

|n|<7V 

n B (si,S2,-K') = \(a n ,b n ) neZ G B : V(a n , 6 n )e ira ss <k\. 

Also, let Oat,b, Ob, Oat,b(si, S2,if), Ob(si, «2) be the restrictions of f2jv, B ) Ob, 
^ATb( s 1) s 2)-^)) Ob(si, S2, -K") onto their mean parts. Then, basically from Lemma 14.31 
we have 
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Lemma 4.4. Let 0<S\<^<S2<1 For sufficiently large K > 0, we have 

Pn{&n,b \ &n,b(s 1 ,s 2 ,K)) < e~ cK \ and p(H B \ n B (s u s 2 , K)) < e~ cR2 , 
where c and the implicit constant are independent of N. 

The proof of this lemma is standard and is omitted. See [8| 127] . 

For the rest of the paper, let < si = ^— < ^ < s 2 = 1— < 1 with s 2 < 2s\. Let Pat 
be the projection onto the frequencies \n\ < N given by Pjv</> = <fi N = Yl\ n \<N a n^ mx ■ Now, 
define the weighted Wiener measure p^ on M 2Ar+1 x C 2N+1 = {(a n , b ra )| n |<7v} by 

dp N = Zjj 1 exp ( - ^ J ¥ N ip \W N cp\ 2 dx^xn N , B d(a , b ) <g) dp N , 

where Z N = J c2 n+i xK 2jv+i exp (-§ jF N ip \fN<P\ 2 dx) xn NtB d(a ,b )®dp N . Also, define the 
weighted Wiener measure p on {(a n ,b n ) ng ^} by 

dp = Z' 1 exp ( - ^ J ip \4>\ 2 dx^j xn B d(a , b ) <g> dp, 

where Z = J exp f— ~ f ip |^| 2 cZx) xn B d(ao, bo)® dp. At this point, Z need not be finite and 
thus dp need not be a well-defined probability measure. Indeed, we have 

Lemma 4.5. For any r < oo, we have 



(39) exp ( -- / PjvV |IWr<te ) Xn N , B G £ r (d(a , bo) ® dpiv) 



(40) exp ^- - J tfj \<p\ 2 dxj X n B G £ r (d(a , &o) ® dp). 

In particular, (i/i is a well-defined probability measure. Moreover, we have dpM *C d(ao, bo)® 
dpj\? and d/^ <C d(ao, bo) ® dp. Then, from Lemma B~4"l we have 

Corollary 4.6 (tightness of pn and /u). For large K > 0, we /tawe 

Pn{^n,b \£In,b(si,s 2 ,K)) < e~ cK \ and p(n B \^b(si, s 2 , K)) < e~ cR2 , 
where c and the implicit constant are independent of N. 

The proof of Lemma 14.51 is based on Bourgain's argument in [8j. We have an additional 
difficulty since ip € H°~ \ I? almost surely, i.e. the argument in in the sub-L 2 setting and 
we need to employ a probabilistic argument. 
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Proof of Lemma \4.5\ We prove only (|40p . First, note that on fig, we have |ao|, |&ol — B- 
Then, from Young's inequality with p = 2— and - + = 1, we have 



1IIUI2IIP 



I L r , 



pur u LV 



< 



i iuiiV 



+ lU\\ P rpl < \ao\ 2p ' + IK^WofV + \bo\ p + ||{fWo| 

r 1+p 



P 



Since -p^- = | — , we have 



e -%j T m 2 dx 



L r (d(a ,b )®dp) 



< 



f c(||{^} n#0 || 4 +_+||W n7 , || 2 2 + ) 



L-{dp) 



\a \<B 
\b \<B 



<c 



B 



exp (c(||{^ol| 4 t + ||{^Wo|| 2 f 2 + ))x^ 



Let dpi = dp\, * and dp 2 = dp L \ , i-e. 



dpi = Zj-^-^En^o^KI 2 Yl da n , and dp 2 = Z^ l e~^^^H\M 2 TJ d6r 



where Z x = J e §£Wo n2 KI 2 \[ n ^ da n and Z 2 = / e 5 En^o K Ml b «l 2 fJ n ^o^n- Then, since 
<ip = dpi <g) dp 2 , it suffices to prove, for arbitrary r < oo, 

( 41 ) 

(42) exp(||^||^ + ) Gl/(dp 2 ), 

for and ^ with mean 0. First, note that, by Holder inequality, we have 



exp (\\4>t + A_)x{U\\ L2 <B} 6 L r (dpi), 



|{^)}n~Af|| 4 "4. 



E 

|n|~M 



I ,i_\3 + 

On 3 



|n|~Af 



l 

\2\ 2 



for any M dyadic. Then, we see that the proof of (|4ip is basically the same as that of 

exp (||0|[ 4 4 + )x{||<A|| i2 <B} G LT ( d Pi) in Bourgain [8]. 

Now, we turn to the proof of (|42p. First, assume that (i,H2,Ll+) is an abstract Wiener 
space (with respect to P2), where L 2 ^ is the space defined via the norm = ||^|| L 2+. 

Then, by Lemma 14.31 we have 



< 



Z 2+<K} 

L "n. 



dp2 + J2 



j= Qj{VK<U\\ Z 2+<V+^K} 



dp2 



< e 



■K 2 ~ 



j=0 



P2 



r l+ > VK] < e rK2 - + e-< 23K ^ 2+22 '^ K ^ < 00. 
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~'2H 



Hence, it remains to show that (i,H 2 ,L^) is an abstract Wiener space. Recall that 

h pinx _ 



rp = Yln^obn,e mx = Yln^o g i i e inx , where {g n {u)} is a sequence of i.i.d. complex 



|/c|2|n|2 

Gaussian random variables with g_ n = g^. Note that it suffices to show that for given 
e > there exists large Mq such that p2 [\\$'>Mo'4 ! \\l 2+ > e ] < e ' w here P>m is the Dirichlet 
projection onto the frequencies \n\ > Mq. First, we present a lemma which provides an a.s. 
decay at high frequencies in the sub-L^ setting. 

Lemma 4.7. Let {g n } be a sequence of i.i.d Gaussian random variables. Then, for M 
dyadic and 5 > 0, we have 

,,„, .. , ,i-<5 maX M~M \9n\ 2 

(43) hm M ' ; — 77T- = 0, a.s. 

M ^°° £|n|~M \9n\ 2 

|2 

Proof. We show l\m n ^ 00 n 1 ^ 5 miL ^if : '-, n 9 A = 0, a.s. Let X n = \g n \ 2 . Then, {X n } ne pj is a 

2-uj=i \9i\ 

sequence of i.i.d random variables with S|X n | = 1 < oo. By Kolmogorov's SLLN, we have 
^ — ► 1 a.s., where S n = YTj=\-^r Now, fix e > and # > 0. By Chebyshev's inequality, 
we have 

2-1-/9 / g I a 2-j- 

(44) n 2+e P[Xi > en 5 ] < e~— / jsq 4 P(dw) < K[X 1 6 } < oo 

J{uj:Xi (w)>en f } 

for all 6 N as long as 5 > 0. Let M n = maxi<j< n Xj. Then, by the independence of Xj 
and (|44p . we have 

oo oo oo oo 

J^P[M n > en 5 ] < J^nPfXi > en 5 } = n~ l ~ 6 n 2+6 F[Xi > en 5 } < ^n" 1 ^ < °°- 

n=l n=l n=l n=l 

Then, by Borel-Cantelli lemma, P[^p > e, i.o.] = 0. This implies that limsup n ^ oc < e, 
a.s. Since limsup n ^ oc ^f- is a tail function, it is a.s. constant. Noting that this nonnegative 
constant is bounded above by any e > 0, we conclude that limsup,^^ = 0, a.s. □ 

Now, fix e > and 5 € (0, ^). Then, by Lemma 14.71 and Egoroff's theorem, there exists 
a set E with p2(E c ) < such that the convergence in Lemma 14.71 is uniform on E. i.e. 
we can choose dyadic Mq large such that 

(45) ll{gnM}|n|~A/l|L3r < ^ 

||{5n(w)}|n|~A/||L2 

for all uj € E and dyadic M > Mq. In the following, we will work only on E and drop ^E' 
for notational simplicity. However, it should be understood that all the events are under 
the intersection with E and thus (1451) holds. 
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Let {&j}j>i be a sequence of positive numbers such that Yl a j = 1> an d let = Mq2 3 
dyadic. Note that oj- = C2~^ = CM A M" A for some small A > (to be determined later.) 
Then, we have 

oo 

(46) P2[\\ F >M ?P\\l 2 + > £ ] - ^2 P2[\\{bn}\n\~Mj\\ L l+ > <Tje] . 

By Holder inequality and (|45p . we have 

_i _i _2_ _e_ 

l|{M|nh^llia+« 2 ||{5n}|nhA/J L 2+» < 2 ||{^n}|n|~ilfi II £a* ll{0n}|n|~.Mi 



< 



9 

llto-}N~«ll^ . M i| L J f'j llWw. 



a. s. where # = 0+. Thus, if we have ||{6 n }|n|~Mj- \\l 2 + > a j £ i then we have 

i , g _e 

||{5n}|n|~M 3 -lli2 > i?j where i?j := UjeM 2 2+0 . Now, take A sufficiently small such that 
$2^8 — A > 0. By a direct computation in the polar coordinates with Rj = OjEM' 2 2+9 = 
CeM$Mf +5l ^~ X = CeM A M/ + , we have 

(47) p 2 [||K}|nhM 3 lk 2 „>^] ~ / e-Hsl 2 J] dg n < [ 



oc 



1-2 



e 2 



Note that the implicit constant in the inequality is a(S 2 '^^ n ^ M ^~ 1 ), a surface measure of 
the 2 • #{|n| ~ Mj} — 1 dimensional unit sphere. We drop it since &(S n ) = 2ir2 /r(^) < 1. 
By change of variable t = M- 2 r, we have r 2 '^ n ^ M ^~ 2 < r 4M i ~ Mj Mj t 4M i. Since 
4 > MpRj = CeM A M°+, we have M^ Mi = ^-lnM,- < ^M,* 2 and t4M . < e |M jt 2 for ^ 

sufficiently large. Thus, we have r 2 '*^ n ^ M ^~ 2 < e^ Mjt2 = e^ 7 " 2 for r > R. Hence, we have 

POO 

(48) P2[\\{9n}\n\~MM > Rj] < C / e~* r rdr 

JRj 

< e -cR 2 = e -cC 2 M^M]+e 2 = e -cC 2 Ml +2X+ 2i+e 2 

From (g5J) and (08]), we have 

oo 

P2[\\{bn}\n\>M \\ L l+ > \e\ < ^ P2 [||{ffn}|n|~i^ Whl > Rj] < ^ ' £ * < ±£, 

i=l 

by choosing Mq sufficiently large. This completes the proof of Lemma 14.51 □ 

5. Appendix: On the Ill-posedness Results in H s (T) x H s ~^(T) for s < |. 

There are so called "ill-posedness" results for dispersive equations such as NLS and 
KdV. However, this term often refers to the necessary conditions for uniform continuity or 
smoothness of the solution map : uq E H s i — > u(i) £ £P. In such cases, the Cauchy 
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problem is not necessarily ill-posed in the sense of the usual definition, even when these 

results hold. However, since the contraction argument provides analytic dependence on the 

initial data, it is often natural to consider a strengthened notion of well-posedness requiring 

the solution map to be uniformly continuous/smooth. In this latter sense, the following 

results may be regarded as "ill-posedness" results. 

Here, we follow Bourgain's argument in [7J. Consider the following Cauchy problem: 

iut + u xx = avu 
(49) < v t + jHv xx = (3{\u\ 2 ) x 

(u(x,0),v{x,Q)) = [S<l>(x),6ip(x)) G H S (T) x H S -^(T) 

where 5 > 0. Let (u(x, t; 5),v(x, t; 6)) or (u(t; S),v(t; 5)) denote the solution to (fl9|) . First, 
note that with 5 = 0, (u(x,t;0),v(x,t;0)) = is the unique solution. Also, by writing as 
integral equations, the solution (u(t;5),v(t;5)) to (@9|) can be written as 

f u(t; 5) = 5U{t)^ + ia Jj U(t - t')uv(t')dt' 
\v(t;5) = 5V(t)i; -Pf*V(t - t')d x (\u(t')\ 2 )dt'. 

where U(t) = e itd * and V(t) = e -7 ^^. By taking derivatives in 5 at 5 = 0, we have 
d$u(t; 0) = U (t)(fr =: (f>% and dgv(t; 0) = V{t)ip =: if)\. By taking the 2nd and 3rd derivatives 
in 5 at 5 = 0, we have 

ffi|«(t;0) = 2iaf{ ) U(t-t')(<j) 1 ij 1 )(t')dt' =: 
\d]v(t;0) = -2(3 Jl V(t - O^(l0i| 2 )(*O^ / == ^- 

Then, it follows that if the solution map $* : (u ,v ) G H s x H s -2 i — ► ( u (t),v(t)) e 
H s x H s ~z is C 2 for fixed t <C 1, then we must have 



. i 



(50) ||a?(«,»)(, t ;0)||^ r , = ll(* 2 .fe)(-,t)ll„ jxf , r . < 

from the smoothness of $ at the zero solution. In the following, we present the proof of 
Theorem ll.il assuming that the SBO system (prj is locally well-posed in H S (T) x H s ~z(T) 
over a small time interval and fix t <C 1 such that the solution map <&* is well-defined. 

Proof of Theorems Recall that with n = ri\ + rt2, we have 

Q(n, rii) := 7[n[n — n 2 + n 2 , = n((l + 7sgn(n))n — 2ni). 

Let c 7 = c 7 (n) = 1+7& | n ( ra ) an d d 7 = 1 — c 7 . Thus, Q(n, n{) = when n\ = c 7 n and 
ri2 = d^n. Now, let ||p|| denote the closest integer to p. (If p — [p] = i, let ||p|| = [p], where 
[ • ] is the integer part function.) 
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Given A G N, let V = and <f>{x) = A~ s (e* ll°r^ll !B + e^lK^IN) with c 7 = c 7 (iV) and 
d 7 = dj(N). Then, we have \\(4>, ua ^ itS _ i = ||0||_f/ s ~ 1. A direct computation shows 



that ip\ = 4>2 = and 

(j)^^ = ^f~ s ( e i \\ c i N \\ x - i \\ c i N \\ 2t _|_ e -i||<i7A r ||a;-i|KA r || 2 A _ 

Using ||cyiV|| + ||<iyiV|| = AT, we have 

V(t - t')^|0i(x,i')| 2 = -2A~ 2s+1 sin (Ax - y\N\Nt + Q(N, \\c y N\\)t'). 

Suppose 7 £ Q with [ — ^ | ^ 1. Then, for n = A G N, we have c 7 (n) = ^jp G Q. Thus, 
there exist infinitely many A G N such that c 7 iV, d 7 A G Z. Hence, we have Q(N, ||c 7 iV||) = 
Q(A, c 7 iV) = for all such N. Then, 

^ 2 = 4/3A^- 2s+1 tsin (Ax - j\N\Nt) 

and thus 11(02,^)11^.^-1 ~ U2\\ H s-i ~ A~ s +I. In view of ([50]), by letting A -> oo, 

this implies s > ^ if the solution map is C 2 . 

Now, suppose 7 ^ Q. Then, we have Q(N, ||c 7 A||) 7^ for any n G N. From ([5]), we have 

, , .x _ A „ 28+1 cos(iVs - 7 \N\Nt) - cos(Ax - (||c 7 A|| 2 - \\d^N\\ 2 )t) 

Q(iV, ||c 7 iV||) 



8/3A" 



_ 2s+1 sin (Ax - 2 7 |A|A£ + Q(W, ||c 7 A||)t) sin (Q(A, \\ayN\\)t) 



Q(N, II^ATH) 

Recall that Dirichlet Theorem [23] says that for given p G M\Q, there exist infinitely many 
(p, <?) G Z 2 such that \p — -I < \. In our context, it says that there exist infinitely many 



A G N such that 

2ni 



|Q(AT, ||gJV||)| = min \Q(N,m)\ = N' 



A" 



< 1. 



Then, for such A, we have \\((f>2, ' t f ; 2)\\ H3 H s-\ ~ A~ s+ 2. In view of (|50p . by letting 
A — > 00, this implies s > ^ if the solution map $* is C 2 . 

Finally, we will consider the case when I7I = 1. Without loss of generality, assume 7 = 1. 
Then, Q(N, A) = for all A G N, i.e. c 7 = 1 and d 1 = 0. (When 7 = -1, we have 
Q(N,N) = for all A G Z<o and the following argument can be easily modified.) Given 
A G N, let V = and <£(x) = N~ s e iNx + 1. Then, we have ||(0,VOII , —4 = \\</>\\h° ~ 1. 
A direct computation shows that ipi = fa = and fa{x,t) = j\f- s e lNx -' lN2t _|_ i. Thus, we 
have |0i(x,f)[ 2 = 2A~ s cos(Ax - A 2 t) + A~ 2 + 1 in this case and 

U(t-t')<9x|<MM')| 2 = -2A" S+1 sin (Ax - A 2 t) . 
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since Q(N, N) = 0. Therefore, we have 

^ 2 = 4/3iV- s+1 tsin (Nx - N 2 t) 

and thus 11(^2,^2)11^^-1 ~ H^H^-i ~ In view of flSDD, by letting N -> oo, this 
implies that the solution map can never be C 2 for any s € R. □ 

Acknowledgements: The author would like to thank Prof. Luc Rey-Bellet for mentioning 
the work of Gross [20] and Kuo |23|. 
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